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The Clebsch-Gordan coefficients of the Kronecker products of the irreducible representations of 
the Quaternion Group Qs, of the Generalized Quaternion Groups Qie and Q32, and of the factor 
group (Q32 x Q32)/{(1, 1), (— 1, —1)} are computed as eigenvectors of a well-known matrix of triple- 
products of the irreducible representations. 
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I. SCOPE 

The quaternion group Q% is a non-abelian group of 
order 8 [J-Q- In relativistic quantum- mechanics, the 
quaternion algebra appears as a representation of Dirac 
bi-spinors jH; the direct product Qs x Qs spans the al- 
gebra of the 2-fermion matrix elements [5| . 

Whereas the Clebsch-Gordan (CG) decomposition of 
other small groups is well documented serving studies 
of point group operations in molecular and solid-state 
physics [y, 0], the CG series of Qs — although simple — 
seems not to be readily available. The manuscript follows 
standard concepts to reduce the product of irreducible 
representations of some quaternionic groups of low order 



II. STRUCTURE OF Q s 

A. Multiplication Table, Classes 

Qs is the fourth group of order 8 in the GAP4 library 
[9T4l2l|. the fifth in the Schaps enumeration [13j ]. It is 
called r2<Z2 by Hall-Senior [1J|, 8/5 in the Thomas- Wood 
enumeration (l5j . and apparently this index carries over 
as 8.5 The \Q%\ = 8 elements gi are enumerated 

with their standard symbols in Table HI 

Table |TI] shows the index I of the product gjgk = gi at 
the crossing of row j and column k. In the hypercomplex 



TABLE I: Indices of the Qs group elements gj, their standard 
names, and orders. 



3 


1 


2 


3 


4 


5 


6 


7 


8 


9o 


1 


-1 


i 


-i 


J 




k 


-k 




1 


2 


4 


4 


4 


4 


4 


4 




FIG. 1: A Cayley graph of Q 8 



TABLE II: Cayley (multiplication) table of Qs 
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notation it is summarized as 



1; i' 



-i; i • j = k; j 



(i) 



and so on [17[. Fig. [T] is another view, a digraph of 8 
vertices, one per group element [HI- Blue edges lead 
from label j to label I if 17^5 = gf, read edges lead from 
label j to label I if 5^3 = g\. (The set of generators 
{<?5, ^3} here is only one out of many choices. Equivalent 
ambivalences govern the Cayley graphs further down.) 
The 5 conjugacy classes in Q s are 



C3 = {33,54}, C A 



Ci = {51}, C 2 = { ff2 }, (2) 
{95, 9e}, C 5 = {g 7 ,g s }- (3) 



*URL: http://www.strw.leidenuniv.nl/~mathar Electronic ad- 
dress: mathar@strw.leidenuniv.nl 



Table IIIII enumerates the 4 irreducible representations 
of dimension 1 and 1 of dimension 2 [19]. The 1- 
dimensional representations are already part of the char- 
acter table, and the 2-dimensional representation may be 
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TABLE III: Characters of the representations Rs- a ' of the five 
Qg classes ((3]) 



TABLE IV: CG matrix of R (5) <g> R (5) of i 
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chosen as 



33 = -54 



.9i = 

i 
-i 




.92 



35 = ~9e 



97 = ~9s 




or as the Pauli matrices. 



B. CG coefficients 

The Kronecker product of two 1-dimensional represen- 
tations is obviously 1-dimensional, irreducible and defines 
CG coefficients (CGS's) which are all equal to zero or one: 

® ijW = R(°>) (Va); R {2) <g> i? (3) = i? (4) ; (7) 
R 2 ®rW=R&; rW®rW = R&. (8) 

The remaining case is the CG series of the square of the 
2-dimensional representation, 



R^ ® R^ = RW + R <?) + jj<3) + i?(4). 



(9) 



(Real-valued 4-dimensional representations like this one 
are often preferred in mechanics |20j.) The multiplicities 



R (») g, #(/3) = ^ m7 i?(T) 



(10) 



have been calculated from the traces (characters) x of 
the associated representations via the standard relation 
[H (3.20)] [H (7.22)] 



= T7T7 Xa«./3(fl , )X7(3)> 
1^8 „ 



(11) 



where the overbar denotes complex-conjugation. (These 
Kronecker products are called simply reducible because 
no multiplicity m 1 is larger than one [23J.) 

The Clebsch-Gordan coefficients (ai,/3k\jl) are the el- 
ements of the square matrix which provides the similarity 
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transformation of the matrix i?( Q ®^) to block diagonal 
form [2~il ]. Its row and column dimension is n a np, the 
product of the dimensions of the matrices i?( a ) and I?W . 
An implicit representation is [25|, |26[ |22|, (7.34b)] 



(aj,l3k\jl)(aj',0k'hl') 



^J^T, R ^(9)R^(9)R^(9)- 



(12) 



As written here, the summation over m 7 replicas of the 
irreducible representation R^ is not yet carried out. In 
the tables H*Vl I VIII [Villi and so on further below, the col- 
umn double-indices j and k refer to the representations 
in the (essentially arbitrary) ordering a < f3 of the rep- 
resentations. The indices I are added to header rows if 
the dimensions n 7 are larger than one. 

We regard this equation as a matrix equation be- 
tween two matrices with rows represented by the multi- 
index j, k, I and columns represented by the multi- index 
j',k',l', i.e, matrices with row and column dimension 
which are the square of the dimension of the CG matrix. 
Given the elements of the right hand side in terms of the 
elements of the elements of the irreducible representa- 
tions R 7 the left hand side is the spectral representation 
known as Mercer's theorem [13] ■ The CG matrices are 
the eigenvectors of the matrix seen on the right hand side 
associated with the non- vanishing eigenvalues [28] . 

All CG matrices tabulated in this manuscript are uni- 
tary. 



III. QUATERNION GROUP Q 16 

The product table of the \Qie\ = 16 elements of Qi6 is 
reproduced in Table IVl The upper left corner is the Q% 
subgroup, a copy of Table ITT1 (The subgroup structure is 
discussed by Bohanon and Reid 29].) The Hall-Senior 
number is 16.14. 

Fig. [2] is a digraph with vertices labeled by the indices 
of the group elements. Blue edges point from j to I if 
9j99 = 9i; red edges point from j to I if gjg 5 = g t . 

The 7 conjugacy classes are 

Ci = {gi}, C 2 = {92}, C 3 = {33,34}, C 4 = {35, • ■ ■ ,3s}(13) 
C5 = {39, ■ ■ ■ , 312}, C 6 = {513, 315}, C 7 = {314, 9ieiH) 

with elements of order 1 in C\, order 2 in C2, order 4 in 
C3-C5, and order 8 in Cq and C7. There are 7 irreducible 
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TABLE V: Cayley table of Q 16 
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FIG. 2: A Cayley graph of Q 1G . 



representations of dimension 1 or 2 [TT|, US HI! ■ Table IVII 
shows some of the matrix representations; the notation 
efe = exp(27rz//c) for the fc-th root of unity is used. Rep- 
resentations of the remaining elements gu of even index 
k can be quickly generated from the neighbor gk-i via 



5fc=.925fc-i, (fceven, <5 8 , <5i6, or(3 32 ) (15) 



can be set to 1: 
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R^ ® RW = R(?) 
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R^ ® = RW 


■ (22) 



Kronecker products of 2-dimensional factors split with 
multiplicities equal to 1: 



i? (5) ® R {5) 


= RW 


+ R^ + 


R&- 




(23) 
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The 4x4 transformation matrices of (|23|) (|28|) are shown 
in Tables IVIIflXl For non-abelian groups, matrix repre- 
sentations may not be symmetric; the freedom of a phase 
choice remains, but eigenvectors are not necessarily real- 
valued. 



IV. QUATERNION GROUP Q32 

The multiplication table of the quaternion group of 
order |Q 32 | = 32 is Table KH 

The group comprises 11 conjugacy classes: 

Ci = {91}, C 2 = {92}, C 3 = {53,34}, C 4 = {55,37}, (29) 
C5 = {56,5s}, C 6 = {59,510, ■ ■ ■ ,5i6}, (30) 
C7 = {317, 5i8, • ■ • , 524}, C s = {525, 529}, (31) 
C9 = {326,530}, C10 = {527,332}, Cn = {528,531}- (32) 

The 4 one-dimensional and 7 two-dimensional irreducible 
representations are partially shown in Table IXII1 Par- 
tially means that the representations for the remaining 
members of the group can be easily calculated with the 
aid of Table IXII A glance at Figure [3] reveals that fol- 
lowing the blue edges and the red edges one can indeed 
generate all elements starting at gx] all but the columns 
labeled 9 and 17 in Table IXITI are redundant to that task. 



as implied by Table [V] 

Kronecker products involving the 1-dimensional repre- 
sentations do not split (in the spectroscopic sense). They 
are already block-diagonal upon creation and the CGC 
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TABLE VI: Irreducible representations for a subset of Qie members. 



7 9 11 13 15 



R w 111111 1 11 

R (2) 11111-1 -1-1-1 
R (3) 11 1-1-11 1 -1-1 

R (4) 111-1-1-1 -1 11 

R( 5) | i o\ fi o\ /-ioWioW-io\ f O f ° ~0 f° ~0 ( 1 
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3 n / I n „_ / In „3 
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TABLE VII: CG matrix of R (5) ® i? (5) of Q w and of Q 32 . 
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TABLE VIII: CGC of R (5) ®R (fi) of Q i6 . The CGC for # (5) ® 
are the complex-conjugate of these. 
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FIG. 3: A Cayley graph of Q32. Blue edges represent mul- 
tiplication by gn and red edges represent multiplication by 

99- 



TABLE IX: CGC of R (6) ® i? (6) or R {7) ® i? (7) of Q 
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TABLE X: CGC of i? (6) ® J? (7) of Q 16 . 
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TABLE XI: Cayley table of Q32, Hall-Senior group 32.51 
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16 


15 


13 


14 


4 


3 


1 


2 


8 


7 


5 


6 



TABLE XII: Irreducible representations for some Q32 elements. 



1 
1 
1 
1 

1 

1 

1 

1 

1 
1 

-1 
-1 
-1 
-1 
-1 
-1 
-1 



1 
1 
1 
1 

1 
1 
-1 

-1 
-1 

-1 

1 

-i 

1 

-i 

1 

-i 

1 
-i 



1 
1 
1 
1 

-1 

-1 

1 
-i 



—i 

-e 8 


-e 8 
e| 
e 8 

■4 

e 8 



1 


el 


el 





-el 
e 8 

eg 
-e 8 

e| 
-e 8 



1 
1 

-1 

-1 
1 
-1 

1 

1 

1 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 



17 

1 

-1 
1 
-1 

1 

1 

el 
■e 8 







-el 



ele 



e? 6 



-e? 6 



-ele 



el 6 



— ei6 


— ei6 


ei6 




25 
1 

-1 
-1 

1 

-1 

1 

el 
-e 8 
-el 
e 8 


- 



e? 6 



e? 6 



-ei 6 


-ei6 






e? 6 



26 
1 

-1 
-1 
1 

-1 

1 

2! 
-e 8 
-el 
e 8 



-el 6 





e? 6 



eie 


ei6 




ei6 




-el 6 



-ei6 




-e 3 le 



els 



27 
1 

-1 
-1 
1 

-1 

1 

-el 
e 8 
el 
-e 8 
-ei6 





ei6 




ele 



-el 6 



-ele 



e ie 




ele 



-ele 



28 
1 

-1 
-1 
1 

-1 

1 

-el 
e 8 

J§ 



ei6 




-ei6 




-ele 



ele 



ele 
-e? 



-eie 




e?e 
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The non-splitting CG 


series are: 






E>(a) f 


= rW ; ( a = 2,3,4) 






RW ® flW = 








R^ ® i?< 4 ) = 


RfV 




R (a) c 


g,i?( 5 ) = i?( 5 ) ; (a = 2, 3, 4) 


(36) 




>®i?< 7 > = ijW; (a = 


2,3) 


(37) 




= i?( 9 '; R^®R^ = 


R& 


(38) 


fl (2) g ^(10) = 


i?< n >; RW®RW = 


R (W) 


;(39) 




(40) 


RW®RW=RW; 


i?(3) 0i? do) =i? (n). 


(41) 




RW®RW=RW; 


(42) 


rW ® i#) = 


R {k) ; (A = 6,7,..., 11) 


(43) 


The splitting series are: 










+ fl< 2 ) + i? (3) + i? (4) 




<AA\ 

\ / 


R^ 


® i?( 6 > = itf 6 > + i?< 7 > 




<A^\ 

V / 


R^ 


® = i?^ + 




(A(\\ 

V / 


R {5) <S 






(47) 


R (5) « 






(48) 


R^h. 


s>rW = rw + rW 




(49) 


R& 


®RM =RW 


(50) 



R^ ® JJ(«) = i?(D + i?(4) + R (5) 
RW ® = fl<2) + fl(3) + fl (6) 

i?< 6 ) i?^ = i?^ + i? (U) 

i?< 6 ) ® i?( g ) = R^ + i?( 10 ) 
i?( 6 ) ® = + fl(10) 

® i?^ = RW + 

i?( 7 ) ® i?w = i?w + 

® B (10) = fl(8) + R (W) 

® i?< 9 > = i?( 2 ) + rw + R m 

R^ ® i?(H) = + fl(6) 

R^^R^=R^+R^+R^; 
i?( 9 )®i?( 1 °) = i?(5)+ J R(6) ; 
R V»®rW = rW+rW; 



TABLE XIII: CGC of J? (5) ® i? (6) of Q 3 2- The coefficients of 
are the complex-conjugate of these. 



j k 


i?< 6 > 
1 2 


1 2 


1 1 

1 2 

2 1 
2 2 


»A/2 
i/V2 
1/V2 


-i/y/2 

-i/y/2 

1/V2 
-1/V2 


TABLE XIV: CGC of R {5) ® i? (8) of Q 32 . The coefficients of 
i?' 5 ' ® i?'- 9 '' are the complex-conjugate of these. 


j k 


72(10) 
1 2 


R^ 
1 2 


1 1 

1 2 

2 1 
2 2 


-V\/2 
-i/v/2 

-1/V2 
1/V2 


i/V 2 

i/V 2 
-1/V2 
1/V2 



i?( 10 )® rW = rW + r& +r(v- 
rW®rW = rW+rM + rW. 



(69) 
(70) 
(71) 



The case is covered by Table IVII1 the cases (|I5|1- 
1(71)1 by Tables ElnHXXVl 



V. (C 2 x 7J 8 ) x C 2 

The factor group of Q% x Q s with respect to the sub- 
group containing the unit and -1 x -1 builds another 
group of order 32, the 49th out of the 51 groups of or- 

known as T^a\ 
321 . It can be as- 



der 32 in the Small Group Library |J 
[l4l [ and named 32.42 hereafter [TEL fli 
sembled by a direct and semi-direct product of the cyclic 
group Ci and the dihedral group D s [H, (34[- The el- 
ements shall be sorted according to the multiplication 
table IXXVll 

If the multiplications with the generators g^, 175, g\\ 
and (717 are coded with blue, red, green and brown edges, 



TABLE XV: CGC of i? (5) ® i? (10) of Q 32 . The coefficients of 
7?' 5 ' ® J?' 11 ' are the complex-conjugate of these. 



j 


k 


R^ 

1 


2 


rw 

1 


2 


1 


1 


i/72 





-i/V2 





1 


2 





i/\/2 





-i/v/2 


2 


1 


-l/v/2 





-l/v/2 





2 


2 





W2 





Vv/2 



9 



TABLE XVI: CG matrix of R (6) <g> R (6) or R {7) ® R m of Q 32 . TABLE XIX: CGC of R^ <g> R^ or R^ ® 7?^ of Q, 



i 


k 


7? (1) 


i? (4) 


1 


2 


3 


fc 


,-.f CA 

1 


2 


R (10 > 

1 


2 


1 


1 








-i/V2 


-1/V2 


1 


1 





1 








1 


2 


1/^2 


-1/72 








1 


2 








-1 





2 


1 


W2 


1/72 








2 


1 











1 


2 


2 








-i/y/2 


1/72 


2 


2 


-1 












TABLE XVII: CGC of 7? (6) ® i? (7) of Q, 



j 


k 


i?( 2 > 


R™ 


R< 5 

1 


) 

2 


1 


1 








V2 


-1/^2 


1 


2 


VV2 


-Vv/2 








2 


1 


VV2 


1/72 








2 


2 








V2 


1/72 



TABLE XX: CGC of R (6) <g> 7? (10) or R m ® of Q. 



i 


fc 


1 


2 


1 


2 


1 


1 











1 


1 


2 


-1 











2 


1 





1 








2 


2 








-1 






respectively, the Cayley graph in Fig. 0] results. (These 
four generators are self-inverse, so the edges are undi- 
rected.) 



TABLE XXI: CGC of R (6) ® R (11) or R {7) ® R (w) of Q 3 



3 


k 


R^ 

1 


2 


1 


2 


1 


1 











1 


1 


2 


-1 











2 


1 





1 








2 


2 








-1 






TABLE XXII: CG matrix of i? (8) ® i? (8) or i? (9) <g>7? (9) of Q32. 
Replacing 7? (6) by i? (7) provides the table for i? (10) ®il (10) and 
R^®R( 10 \ 



3 


k 




R^ 


1 


R^ 

2 


1 


1 











1 


1 


2 


-1/^2 










2 


1 


1/^2 


1/^2 








2 


2 








1 






TABLE XVIII: CGC of R {6) ® R (8) or R {7) ® i? (9) of Q. 



j 


fe 


R^ 

1 


2 


RM 

1 


2 


1 


1 





1 








1 


2 








-1 





2 


1 











1 


2 


2 


-1 












TABLE XXIII: CG matrix of i? (8) <g> i? (9) of Q 32 . Replacing 
i? (7) by R (6) provides the table for 7? (10) ® 



J 


fe 


i?< 2 > 


i?< 3 > 


1 


rW 

2 


1 


1 











1 


1 


2 


-1/72 


1/72 








2 


1 


1/^2 


W2 








2 


2 








1 






TABLE XXIV: CGC of i? (8) <g> i? (10) or i? (9) ® of Q : 



j 


k 


r(5) 

1 


2 


1 


R(7) 

2 


1 


1 








1 





1 


2 


*A/2 










2 


1 


-»/V2 


W2 








2 


2 











1 



TABLE XXV: CGC of R (8) <g> or i? (9) ® i? (10) of Q, 



3 


k 


1 


2 


1 


2 


1 


1 








1 





1 


2 


-»/V2 


1/72 








2 


1 


W2 


1/72 








2 


2 











1 




FIG. 4: A Cayley graph of 32.42. 
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TABLE XXVI: Cayley table of 32.42 



1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


2 


1 


4 


3 


6 


5 


8 


7 


10 


9 


12 


11 


14 


13 


16 


15 


18 


17 


20 


19 


22 


21 


24 


23 


26 


25 


28 


27 


30 


29 


32 


31 


3 


4 


1 


2 


7 


8 


5 


6 


11 


12 


9 


10 


15 


16 


13 


14 


20 


19 


18 


17 


24 


23 


22 


21 


28 


27 


26 


25 


32 


31 


30 


29 


4 


3 


2 


1 


8 


7 


6 


5 


12 


11 


10 


9 


16 


15 


14 


13 


19 


20 


17 


18 


23 


24 


21 


22 


27 


28 


25 


26 


31 


32 


29 


30 


5 


6 


7 


8 


1 


2 


3 


4 


14 


13 


16 


15 


10 


9 


12 


11 


21 


22 


23 


24 


17 


18 


19 


20 


30 


29 


32 


31 


26 


25 


28 


27 


6 


5 


8 


7 


2 


1 


4 


3 


13 


14 


15 


16 


9 


10 


11 


12 


22 


21 


24 


23 


18 


17 


20 


19 


29 


30 


31 


32 


25 


26 


27 


28 


7 


8 


5 


6 


3 


4 


1 


2 


16 


15 


14 


13 


12 


11 


10 


9 


24 


23 


22 


21 


20 


19 


18 


17 


31 


32 


29 


30 


27 


28 


25 


26 


8 


7 


6 


5 


4 


3 


2 


1 


15 


16 


13 


14 


11 


12 


9 


10 


23 


24 


21 


22 


19 


20 


17 


18 


32 


31 


30 


29 


28 


27 


26 


25 


9 


10 


11 


12 


13 


14 


15 


16 


1 


2 


3 


4 


5 


6 


7 


8 


26 


25 


28 


27 


30 


29 


32 


31 


18 


17 


20 


19 


22 


21 


24 


23 


10 


9 


12 


11 


14 


13 


16 


15 


2 


1 


4 


3 


6 


5 


8 


7 


25 


26 


27 


28 


29 


30 


31 


32 


17 


18 


19 


20 


21 


22 


23 


24 


11 


12 


9 


10 


15 


16 


13 


14 


3 


4 


1 


2 


7 


8 


5 


6 


27 


28 


25 


26 


31 


32 


29 


30 


19 


20 


17 


18 


23 


24 


21 


22 


12 


11 


10 


9 


16 


15 


14 


13 


4 


3 


2 


1 


8 


7 


6 


5 


28 


27 


26 


25 


32 


31 


30 


29 


20 


19 


18 


17 


24 


23 


22 


21 


13 


14 


15 


16 


9 


10 


11 


12 


6 


5 


8 


7 


2 


1 


4 


3 


30 


29 


32 


31 


26 


25 


28 


27 


21 


22 


23 


24 


17 


18 


19 


20 


14 


13 


16 


15 


10 


9 


12 


11 


5 


6 


7 


8 


1 


2 


3 


4 


29 


30 


31 


32 


25 


26 


27 


28 


22 


21 


24 


23 


18 


17 


20 


19 


15 


16 


13 


14 


11 


12 


9 


10 


8 


7 


6 


5 


4 


3 


2 


1 


31 


32 


29 


30 


27 


28 


25 


26 


24 


23 


22 


21 


20 


19 


18 


17 


16 


15 


14 


13 


12 


11 


10 


9 


7 


8 


5 


6 


3 


4 


1 


2 


32 


31 


30 


29 


28 


27 


26 


25 


23 


24 


21 


22 


19 


20 


17 


18 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


18 


17 


20 


19 


22 


21 


24 


23 


26 


25 


28 


27 


30 


29 


32 


31 


2 


1 


4 


3 


6 


5 


8 


7 


10 


9 


12 


11 


14 


13 


16 


15 


19 


20 


17 


18 


23 


24 


21 


22 


27 


28 


25 


26 


31 


32 


29 


30 


4 


3 


2 


1 


8 


7 


6 


5 


12 


11 


10 


9 


16 


15 


14 


13 


20 


19 


18 


17 


24 


23 


22 


21 


28 


27 


26 


25 


32 


31 


30 


29 


3 


4 


1 


2 


7 


8 


5 


6 


11 


12 


9 


10 


15 


16 


13 


14 


21 


22 


23 


24 


17 


18 


19 


20 


30 


29 


32 


31 


26 


25 


28 


27 


5 


6 


7 


8 


1 


2 


3 


4 


14 


13 


16 


15 


10 


9 


12 


11 


22 


21 


24 


23 


18 


17 


20 


19 


29 


30 


31 


32 


25 


26 


27 


28 


6 


5 


8 


7 


2 


1 


4 


3 


13 


14 


15 


16 


9 


10 


11 


12 


23 


24 


21 


22 


19 


20 


17 


18 


32 


31 


30 


29 


28 


27 


26 


25 


8 


7 


6 


5 


4 


3 


2 


1 


15 


16 


13 


14 


11 


12 


9 


10 


24 


23 


22 


21 


20 


19 


18 


17 


31 


32 


29 


30 


27 


28 


25 


26 


7 


8 


5 


6 


3 


4 


1 


2 


16 


15 


14 


13 


12 


11 


10 


9 


25 


26 


27 


28 


29 


30 


31 


32 


17 


18 


19 


20 


21 


22 


23 


24 


10 


9 


12 


11 


14 


13 


16 


15 


2 


1 


4 


3 


6 


5 


8 


7 


26 


25 


28 


27 


30 


29 


32 


31 


18 


17 


20 


19 


22 


21 


24 


23 


9 


10 


11 


12 


13 


14 


15 


16 


1 


2 


3 


4 


5 


6 


7 


8 


27 


28 


25 


26 


31 


32 


29 


30 


19 


20 


17 


18 


23 


24 


21 


22 


11 


12 


9 


10 


15 


16 


13 


14 


3 


4 


1 


2 


7 


8 


5 


6 


28 


27 


26 


25 


32 


31 


30 


29 


20 


19 


18 


17 


24 


23 


22 


21 


12 


11 


10 


9 


16 


15 


14 


13 


4 


3 


2 


1 


8 


7 


6 


5 


29 


30 


31 


32 


25 


26 


27 


28 


22 


21 


24 


23 


18 


17 


20 


19 


14 


13 


16 


15 


10 


9 


12 


11 


5 


6 


7 


8 


1 


2 


3 


4 


30 


29 


32 


31 


26 


25 


28 


27 


21 


22 


23 


24 


17 


18 


19 


20 


13 


14 


15 


16 


9 


10 


11 


12 


6 


5 


8 


7 


2 


1 


4 


3 


31 


32 


29 


30 


27 


28 


25 


26 


24 


23 


22 


21 


20 


19 


18 


17 


15 


16 


13 


14 


11 


12 


9 


10 


8 


7 


6 


5 


4 


3 


2 


1 


32 


31 


30 


29 


28 


27 


26 


25 


23 


24 


21 


22 


19 


20 


17 


18 


16 


15 


14 


13 


12 


11 


10 


9 


7 


8 


5 


6 


3 


4 


1 


2 
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TABLE XXVII: Characters of the 32.42 classes 173 



\c 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 




1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 




1 


1 


1 


1 


1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


r^ 


1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 




1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


1 


1 


1 


1 


R^ 


1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


R^ 


1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


R^ 


1 


1 


1 


-1 


-1 


-1 


-1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


1 


1 




1 


1 


1 


-1 


-1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


1 


1 


-1 


-1 


R^ 


1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


R m 


1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


R {11) 


1 


1 


_1 


1 


_1 


_1 


1 


.\ 


1 


1 


_1 


1 


_1 


_1 


1 


_1 


1 




1 


1 


-1 


1 


-1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


1 


-1 


1 


-1 




1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 




1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 




1 


1 


-1 


-1 


1 


-1 


1 


1 


-1 


1 


-1 


-1 


1 


-1 


1 


1 


-1 




1 


1 


-1 


-1 


1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


1 


-1 


-1 


1 


R^ 


4 


-4 
















































With this enumeration of the elements, the 17 conju- 
gacy classes are 

C 1 = {g 1 },C 2 = {g 2 }, (72) 
C 3 = {92J-3, 52,-2}, (j = 3, 4,..., 17). (73) 

The 16 one-dimensional representations are part of Table 
IXXVIII The 4-dimensional representation is the unit and 
negative unit matrix for g\ and g 2 . A possible set of 
the other elements is written with the aid of 2 x 2 sub- 
matrices 



72 



33 



1 






1 






(: 




1 / 
















1 











97 



TO 















-To 


j ; 35 = 


: 


T3 




-J 




Tl 










; so - | 


v o 


Tl 



(74) 
(75) 

(76) 
(77) 




(78) 

(79) 
(80) 

(81) 



327 




J 329 = 



331 




(82) 
(83) 



All remaining representations are available by multipli- 
cation with <?2 as indicated by Table IXXVII and Eq. (|15p . 

The Kronecker products of pairs of one-dimensional 
representations are not discussed in detail, because this 
reduces to multiplying two rows containing a string of 
±1 in the character table IXXVIII and finding the row 
that matches that binary pattern. The cases 

#(«) & fl(i7) = fl(i7) , ( a = 1, . . . , 16) (84) 
do not split either. The remaining case is 

fl(17) g R (17) = R (D + R (2) + R (3) + ... + ^(16) _ ( 85) 

Its associated CG matrix defines Table lXXVIIII 



VI. SUMMARY 

The Clebsch-Gordan coefficients of four finite non- 
abelian groups with irreducible representations of dimen- 
sion up to n a = 4 have been computed by direct diago- 
nalization of matrices of dimension nz. 
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